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It is well known that a parallel quantum computer is more powerful than a classical one. So
far, there are some important works about the construction of universal quantum logic gates, the
key elements in quantum computation. However, they are focused on operating on one degree of
freedom (DOF) of quantum systems. Here, we investigate the possibility of achieving scalable hyper-
parallel quantum computation based on two DOFs of photon systems. We construct a deterministic
hyper-controlled-not (hyper-CNOT) gate operating on both the spatial-mode and the polarization
DOFs of a two-photon system simultaneously, by exploiting the giant optical circular birefringence
induced by quantum-dot spins in double-sided optical microcavities as a result of cavity quantum
electrodynamics (QED). This hyper-CNOT gate is implemented by manipulating the four qubits
in the two DOFs of a two-photon system without auxiliary spatial modes or polarization modes.
It reduces the operation time and the resources consumed in quantum information processing, and
it is more robust against the photonic dissipation noise, compared with the integration of several
cascaded CNOT gates in one DOF.
Quantum information processing, based on quantum mechanics theory, has largely improved the methods of dealing
and transmitting information in quantum computation1 and quantum communication2. Parallel quantum computa-
tion provides a novel way to precisely control and manipulate the states of quantum systems, which is much faster
than the conventional computation in principle. Quantum logic gate is a key element in quantum computation. It is
very important to find an effective physical realization of quantum logic gates. Many proposals have been proposed to
implement controlled-not (CNOT) gates or controlled phase-flip (CPF) gates both in theory and in experiment by us-
ing various quantum systems, such as ion trap3, free electron4, cavity-QED system5, 6, nuclear magnetic resonance7–9,
quantum dot10, superconducting charge qubits11, and polarization states of single photons12–16. In 2001, Knill,
Laflamme, and Milburn12 showed that a CNOT gate on photonic qubits with the maximal success probability of 3/4
could be constructed, resorting to only single-photon sources, single-photon detectors, and linear optical elements. In
contrast, a deterministic photonic CNOT gate can be constructed with nonlinear optics. In 2004, Nemoto and Munro14
constructed a nearly deterministic CNOT gate with weak cross-Kerr nonlinearity, ancilla photons, and feed-forward
operations. The key element of this proposal is the quantum nondemolition detector using the nonlinear optics of
weak cross-Kerr media. At present, a giant Kerr nonlinearity is still a challenge, even with electromagnetically in-
duced transparency17, because the initial phase shift achieved at the single-photon level18 is only in the order of 10−5.
Moreover, it is not clear whether these nonlinearities are sufficient for the natural implementation of single-photon
qubit gates or not19. Cavity QED is a promising candidate for obtaining large nonlinear phase shifts with the dipole
emitter resonant with the cavity mode20. In 2004, Duan and Kimble15 proposed a scheme to implement a CPF gate
for photon systems with the nonlinear phase shifts caused by a single atom trapped in an optical cavity. In 2010,
Koshino et al.16 presented a method to implement a deterministic photon-photon
√
SWAP gate using a three-level
system embedded in an optical cavity. The nonlinear approaches using multimode optical parametric oscillator21 and
coherent photon conversion22 can also be used to implement deterministic quantum computing processes.
In order to implement quantum computer, there are some requirements for physical systems: efficient manipulation,
reading out the state of an individual qubit, strong coupling between qubits, weak coupling to environment, and
scalability. Recently, a solid-state quantum system based on an electron spin in a quantum dot (QD) inside a
microcavity (QD-cavity) has attracted much attention with its good optical property and scalability. In 2008, Hu
et al.23, 24 proposed a quantum nondemolition method using the giant optical circular birefringence of a one-side
QD-cavity system, and they pointed out that the interaction of circularly polarized lights and double-sided QD-cavity
system can be used to construct entanglement beam splitter (EBS)25 in 2009. With the optical property of QD-cavity
systems, many quantum information processes can be implemented, such as entanglement generation and Bell-state
analysis23–26, quantum gates27–31, hyper-entangled Bell-state analysis32, 33, and quantum repeater34. In 2010, Bonato
et al.27 constructed a hybrid quantum CNOT gate on an electron-spin qubit and a photonic qubit using the EBS
effect of a double-sided QD-cavity system.
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2It is well known that any universal quantum computation can be realized with two-qubit gates assisted by one-qubit
rotations in quantum network theory35. In practice, there are many obstacles required to be overcome both in
theory and in technology, such as the sheer number of element gates in quantum logic circuits, the implementation
of element gates, and so on. So far, there are many important works on the construction of CNOT gates and CPF
gates operating on one degree of freedom (DOF) of quantum systems (such as the polarization DOF of photon
systems or the spin DOF of electron systems). Usually, the spatial-mode (polarization) DOF of photon systems is
used to assist the construction of quantum logic gates that operate on the polarization (spatial-mode) DOF, in which
the spatial-mode (polarization) DOF is consumed after the operation. In principle, both the spatial-mode and the
polarization DOFs of photon systems can be used as the qubits for universal quantum gates on two DOFs of quantum
systems. In this paper, we investigate the possibility of achieving scalable hyper-parallel quantum computation
based on two DOFs of photon systems without using the auxiliary spatial modes or polarization modes, which can
reduce the resources required for quantum logic circuits (or storage process) and depress the photonic dissipation
in quantum information processing, compared with the integration of several cascaded CNOT gates in one DOF.
We construct a deterministic hyper-controlled-not (hyper-CNOT) gate operating on both the spatial-mode and the
polarization DOFs of a photon pair simultaneously, resorting to the giant optical circular birefringence induced by
quantum-dot spins in double-sided optical microcavities as a result of cavity QED. This hyper-CNOT gate is useful
for the quantum information protocols with multiqubit systems, and it decreases the interaction times between the
photons required in quantum information processing.
Results
Quantum-dot-cavity system. Let us consider a singly charged QD [e.g. self-assembled In(Ga)As QD or GaAs
interfacial QD] confined in a double-sided optical resonant microcavity. The QD is located at the center of a double-
sided cavity, shown in Fig.1(a). The two distributed Bragg reflectors are made partially reflective and low loss for
on-resonance transmission, and the double-sided cavity is a two-mode one which supports both polarization modes36.
With an excess electron injected into QD, the singly charged QD shows the optical resonance of a negatively charged
excitonX− that consists of two electrons bound to one hole37. According to Pauli’s exclusion principle, X− shows spin-
dependent transitions interacting with circularly polarized lights38, shown in Fig.1(b). The left-circularly-polarized
light |L〉 (Sz = +1) couples the excess electron-spin state | ↑〉 to create X− in the state | ↑↓⇑〉 with two electron
spins antiparallel, while the right-circularly-polarized light |R〉 (Sz = −1) couples the excess electron-spin state | ↓〉
to create X− in the state | ↓↑⇓〉. Here | ⇑〉 and | ⇓〉 represent the heavy-hole spin states |+ 3
2
〉 and |− 3
2
〉, respectively.
( 1
z
S  ! ) ( 1
z
S ) !
ˆ
r
a
ˆ
in
a 
z
!"#
R
!
ˆ
t
a
ˆ
in
a
(b)
L
 
!
 !"
 
L
!
R
 
(a)
FIG. 1: (a) A schematic diagram for a singly charged QD inside a double-sided micropillar microcavity interacting with
circularly polarized lights. (b) The X− spin-dependent optical transition rules due to the Pauli’s exclusion principle. L↑ (L↓)
and R↑ (R↓) represent the left and the right circularly polarized lights whose input directions are parallel (antiparallel) with
z direction, respectively. ↑ and ↓ represent the spins + 1
2
and − 1
2
of the excess electron in QD, respectively. ↑↓⇑ and ↓↑⇓
represent the spin states of the negatively charged exciton X−.
The input-output relation of this double-sided QD-cavity system can be calculated from the Heisenberg equations
3of motion for the cavity field operator aˆ and X− dipole operator σˆ− in the interaction picture39,
daˆ
dt
= −[i(ωc − ω) + κ+ κs
2
]aˆ− gσˆ− −
√
κ aˆin −
√
κ aˆ′in,
dσˆ−
dt
= −[i(ωX− − ω) +
γ
2
]σˆ− − gσˆzaˆ,
aˆr = aˆin +
√
κ aˆ,
aˆt = aˆ
′
in +
√
κ aˆ, (1)
where ωX− , ω, and ωc are the frequencies of the X
− transition, the input photon, and the cavity mode, respectively.
g is the X−-cavity coupling strength. γ/2, κ, and κs/2 are the decay rates of X−, the cavity field mode, and the
cavity side leakage mode, respectively. aˆin, aˆ
′
in, and aˆr, aˆt are the input and the output field operators, respectively.
In the approximation of a weak excitation condition with X− staying in the ground state at most time and
〈σz〉 = −1, the reflection and the transmission coefficients of the X−-cavity system can be expressed as25,
r(ω) = 1 + t(ω),
t(ω) =
−κ[i(ωX− − ω) + γ2 ]
[i(ωX− − ω) + γ2 ][i(ωc − ω) + κ+ κs2 ] + g2
. (2)
Considering the resonant condition ωc = ωX− = ω0 and the coupling strength g = 0, the reflection and the transmission
coefficients r0(ω) and t0(ω) of a cold cavity (the QD is uncoupled to the cavity) are obtained as
25
r0(ω) =
i(ω0 − ω) + κs2
i(ω0 − ω) + κ+ κs2
,
t0(ω) =
−κ
i(ω0 − ω) + κ+ κs2
. (3)
For the input left-circularly-polarized light |L〉 (Sz = +1), the QD with the electron spin state | ↑〉 is coupled to
the cavity (a hot cavity) with the reflection coefficient |r(ω)| and the transmission coefficient |t(ω)|, whereas the QD
with the electron spin state | ↓〉 is uncoupled to the cavity (a cold cavity) with the reflection coefficient |r0(ω)| and
the transmission coefficient |t0(ω)|. Conversely, for the input right-circularly-polarized light |R〉 (Sz = −1), the QD
with the electron spin state | ↓〉 is coupled to the cavity, whereas the QD with the electron spin state | ↑〉 is uncoupled
to the cavity. In the strong coupling regime (g > (κ, γ)) with the resonant condition, if we adjust the frequencies as
ω ≈ ω0 and neglect the cavity side leakage, we get |r(ω)| → 1, |r0(ω)| → 0 and |t(ω)| → 0, |t0(ω)| → 1. That is, the
reflection and the transmission operators can be written as25
rˆ(ω) ≃ r(ω)(|R〉〈R| | ↓〉〈↓ |+ |L〉〈L| | ↑〉〈↑ |),
tˆ(ω) ≃ t0(ω)(|R〉〈R| | ↑〉〈↑ |+ |L〉〈L| | ↓〉〈↓ |). (4)
Photonic circular polarization is usually dependent on the direction of propagation, so the photon in the state |R↑〉
or |L↓〉 has the spin Sz = +1, as shown in Fig.1(b). For the electron spin state | ↑〉, there is the dipole interaction
between the electron spin and the photon with the photon state reflected to be |L↓〉 or |R↑〉 by the cavity. For the
electron spin state | ↓〉, the input photon is transmitted through cavity with a phase shift relative to the reflected
photon, that is27,
|R↑, i2, ↑〉 → |L↓, i2, ↑〉, |L↓, i1, ↑〉 → |R↑, i1, ↑〉,
|R↑, i2, ↓〉 → −|R↑, i1 ↓〉, |L↓, i1, ↓〉 → −|L↓, i2, ↓〉. (5)
In the same way, the reflection and the transmission rules of the photon spin states |R↓〉 and |L↑〉 (Sz = −1) can be
obtained as
|R↓, i1, ↑〉 → −|R↓, i2, ↑〉, |L↑, i2, ↑〉 → −|L↑, i1, ↑〉,
|R↓, i1, ↓〉 → |L↑, i1, ↓〉, |L↑, i2, ↓〉 → |R↓, i2, ↓〉. (6)
Here i1 and i2 (i = a, b) are the two spatial modes of the photon i (shown in Fig.2).
Spatial-CNOT gate on a two-photon system. The principle of our spatial-CNOT gate is shown in Fig.2. It is
constructed with the reflection and the transmission rules of circularly polarized lights interacting with a QD-cavity
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FIG. 2: Schematic diagram for a spatial-CNOT gate operating on the spatial-mode DOF of a two-photon system. Xi (i = 1, 2)
represents a half-wave plate which is used to perform a polarization bit-flip operation X = |R〉〈L|+|L〉〈R| on the photon passing
through it. CPBS represents a polarizing beam splitter in the circular basis, which transmits the photon in the polarization |R〉
and reflects the photon in the polarization |L〉, respectively. Zi (i = 1, 2) represents a half-wave plate which is used to perform
a polarization phase-flip operation Z = −|R〉〈R|+ |L〉〈L| on a photon.
system. Suppose that the initial states of the electron spin in QD and the photons a and b are 1√
2
(| ↑〉 + | ↓〉)e,
(α1|R〉+ α2|L〉)a(γ1|a1〉+ γ2|a2〉), and (β1|R〉+ β2|L〉)b(δ1|b1〉+ δ2|b2〉), respectively.
Before the photon a is put into the quantum circuit shown in Fig.2, a Hadamard operation is performed on its
spatial-mode with a 50:50 beam splitter (BS), which changes the state of the photon a to be |φa〉0 = (α1|R〉 +
α2|L〉)a(γ′1|a1〉+ γ′2|a2〉). Here γ′1 = 1√2 (γ1 + γ2) and γ′2 = 1√2 (γ1 − γ2). The state of the system composed of the QD
and the photon a is changed from |φae〉0 to be |φae〉1 after the photon a passes through X1, QD, X2, CPBS, Z1 and
Z2. Here
|φae〉0 = 1√
2
(| ↑〉+ | ↓〉)e(α1|R〉+ α2|L〉)a(γ′1|a1〉+ γ′2|a2〉),
|φae〉1 = −1√
2
[| ↑〉e(γ′2|a1〉+ γ′1|a2〉)− | ↓〉e(γ′1|a1〉+ γ′2|a2〉)
]
(α1|R〉+ α2|L〉)a. (7)
It is not difficult to find that the outcome shown in Eq.(7) is the result of the two-qubit CNOT gate using the electron
spin e and the spatial-mode of the photon a as the control qubit and the target qubit, respectively.
We perform a Hadamard operation on the electron spin e, and put the photon b into the quantum circuit shown
in Fig.2 with its initial state |φb〉0 = (β1|R〉 + β2|L〉)b(δ1|b1〉 + δ2|b2〉). The state of the complete system composed
of the QD, the photon a, and the photon b is changed from |ϕabe〉1 to be |ϕabe〉2 after the photon b passes through
Z1 and Z2. Here the same operations are performed on the two photons a and b by the QD-cavity system, X1, X2,
CPBS, Z1 and Z2, and the states |ϕabe〉1 and |ϕabe〉2 are described as
|ϕabe〉1 = |φae〉1(β1|R〉+ β2|L〉)b(δ1|b1〉+ δ2|b2〉),
|ϕabe〉2 = 1
2
[−| ↑〉e(γ′1−γ′2)(|a1〉−|a2〉)(δ1|b2〉+δ2|b1〉)
+| ↓〉e(γ′1+γ′2)(|a1〉+|a2〉)(δ1|b1〉+δ2|b2〉)
]
⊗(α1|R〉+α2|L〉)a(β1|R〉+β2|L〉)b. (8)
At last, we perform Hadamard operations on the spatial-mode of the photon a and the electron spin e in sequence,
and the state of the complete system becomes
|ϕabe〉3 = 1√
2
{| ↑〉e
[
γ1|a1〉(δ1|b1〉+ δ2|b2〉)− γ2|a2〉(δ1|b2〉+ δ2|b1〉)
]− | ↓〉e
[
γ1|a1〉(δ1|b1〉
+δ2|b2〉) + γ2|a2〉(δ1|b2〉+ δ2|b1〉)
]}
(α1|R〉+ α2|L〉)a(β1|R〉+ β2|L〉)b. (9)
The result of spatial-CNOT gate can be achieved by measuring the state of the excess electron spin in the orthogonal
basis {| ↑〉, | ↓〉} and making a feed-forward operation. In detail, if the excess electron spin is in the state | ↑〉e, an
additional sign change |a2〉 → −|a2〉 is performed, and the result of spatial-CNOT gate is obtained as
|ψab〉 = 1
2
[
γ1|a1〉(δ1|b1〉+δ2|b2〉)+γ2|a2〉(δ1|b2〉+ δ2|b1〉)
]
(α1|R〉+α2|L〉)a(β1|R〉+β2|L〉)b. (10)
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FIG. 3: Schematic diagram for a spatial-polarization hyper-CNOT gate operating on both the spatial-mode and the polarization
DOFs of a two-photon system. i1 and i2 represent the two spatial modes of photon a or b. Ui (i = 1, 2) represents a wave plate
which is used to perform a polarization phase-flip operation U = −|R〉〈R| − |L〉〈L| on a photon.
Spatial-polarization hyper-CNOT gate on a two-photon system. We are going to discuss the construction
of a spatial-polarization hyper-CNOT gate which performs CNOT gate operations on both the spatial-mode and the
polarization DOFs of a two-photon system without using the auxiliary spatial modes or polarization modes.
We have two QD-cavity systems to operate on the two DOFs of the two-photon system ab, as shown in Fig.3.
Suppose the two electron spins e1 and e2 in the two QD-cavity systems (i.e., labeled as QD1 and QD2 in Fig.3) are
prepared in the states 1√
2
(| ↑〉+ | ↓〉)e1 and 1√2 (| ↑〉+ | ↓〉)e2 , respectively. The two photons a and b are prepared in the
states |ψa〉0 = (α1|R〉+ α2|L〉)a(γ1|a1〉 + γ2|a2〉) and |ψb〉0 = (β1|R〉 + β2|L〉)b(δ1|b1〉 + δ2|b2〉), respectively. We first
perform Hadamard operations on both the spatial-mode (with a 50:50 BS, not shown in Fig.3 and the polarization
(with two half-wave plates, not shown in Fig.3) DOFs of the photon a before we put it into the quantum circuit shown
in Fig.3, and the state of photon a is changed to be |ψ′a〉0 = (α′1|R〉+α′2|L〉)a(γ′1|a1〉+γ′2|a2〉). Here α′1 = 1√2 (α1+α2),
α′2 =
1√
2
(α1 −α2), γ′1 = 1√2 (γ1 + γ2), and γ′2 = 1√2 (γ1 − γ2). Subsequently, we let the photon a pass through CPBS1,
U1, QD1, U2, and CPBS2 in sequence, and the state of the system composed of QD1 and the photon a is changed
from |Ψae1〉0 to be |Ψae1〉1. Here
|Ψae1〉0 =
1√
2
(| ↑〉+ | ↓〉)e1(α′1|R〉+ α′2|L〉)a(γ′1|a1〉+ γ′2|a2〉),
|Ψae1〉1 =
1√
2
{γ′1
[| ↑〉e1(α′1|L〉+ α′2|R〉)a + | ↓〉e1(α′1|R〉+ α′2|L〉)a)
]|a2〉
+γ′2
[| ↑〉e1(α′1|R〉+ α′2|L〉)a + | ↓〉e1(α′1|L〉+ α′2|R〉)a)
]|a1〉}. (11)
We let the photon a pass through QD2, X, CPBS3, Z1, and Z2 in sequence, and the state of the system composed of
the photon a and the two electron spins in QD1 and QD2 is changed from |Φae1e2〉1 to be |Φae1e2 〉2. Here
|Φae1e2〉1 =
1√
2
(| ↑〉+ | ↓〉)e2 |Ψae1〉1,
|Φae1e2〉2 =
1
2
[| ↑〉e1(α′1|R〉+ α′2|L〉)a + | ↓〉e1(α′2|R〉+ α′1|L〉)a)
]
⊗[| ↑〉e2(γ′2|a1〉+ γ′1|a2〉)− | ↓〉e2(γ′1|a1〉+ γ′2|a2〉)
]
. (12)
This is the result of a four-qubit CNOT gate using the electron spins e1 and e2 as the control qubits and the polarization
and the spatial-mode DOFs of the photon a as the target qubits, respectively, and the two CNOT gate operations
are performed independently without disturbing the state of photon a in the other DOF.
Subsequently, we let the photon b pass through the quantum circuit shown in Fig.3 after Hadamard operations are
performed on the electron spins e1 in QD1 and e2 in QD2. The state of the system composed of the two photons and
the two electron spins is changed from |Ξabe1e2〉2 to be |Ξabe1e2〉3 after the photon b passes through CPBS1, U1, QD1,
U2, CPBS2, QD2, X, CPBS3, Z1, and Z2. Here the two states |Ξabe1e2〉2 and |Ξabe1e2〉3 are described as
|Ξabe1e2〉2 = |Φae1e2〉2(β1|R〉+ β2|L〉)b(δ1|b1〉+ δ2|b2〉),
|Ξabe1e2〉3 =
1
2
[| ↑〉e1α1(|R〉+ |L〉)a(β1|R〉+ β2|L〉)b
+| ↓〉e1α2(|R〉 − |L〉)a(β2|R〉+ β1|L〉)b
]
⊗[− | ↑〉e2γ2(|a1〉 − |a2〉)(δ2|b1〉+ δ1|b2〉)
+| ↓〉e2γ1(|a1〉+ |a2〉)(δ1|b1〉+ δ2|b2〉)
]
. (13)
6At last, we perform Hadamard operations on the spatial-mode and the polarization DOFs of the photon a and the
excess electron spins in QD1 and QD2 again, and the state of the photon-electron spin system is changed to be
|Ξabe1e2〉4 =
1
2
{| ↑〉e1
[
α1|R〉a(β1|R〉+ β2|L〉)b + α2|L〉a(β2|R〉+ β1|L〉)b
]
+| ↓〉e1
[
α1|R〉a(β1|R〉+ β2|L〉)b − α2|L〉a(β2|R〉+ β1|L〉)b
]}
⊗{| ↑〉e2
[
γ1|a1〉(δ1|b1〉+ δ2|b2〉)− γ2|a2〉(δ2|b1〉+ δ1|b2〉)
]
−| ↓〉e2
[
γ1|a1〉(δ1|b1〉+ δ2|b2〉) + γ2|a2〉(δ2|b1〉+ δ1|b2〉)
]}
. (14)
By measuring the two excess electron spins in the orthogonal basis {|↑〉, |↓〉} and performing an additional sign
change |L〉a → −|L〉a when the electron spin e1 is in the state | ↓〉e1 and an additional sign change |a2〉 → −|a2〉 when
the electron spin e2 is in the state | ↑〉e2 , the state of the two-photon system ab becomes
|ψab〉 =
[
α1|R〉a(β1|R〉+ β2|L〉)b + α2|L〉a(β2|R〉+ β1|L〉)b
]
⊗[γ1|a1〉(δ1|b1〉+ δ2|b2〉) + γ2|a2〉(δ2|b1〉+ δ1|b2〉)
]
. (15)
It is not difficult to find that there is a bit flip on the spatial-mode of the photon b (the target qubit) when the
spatial-mode of the photon a (the control qubit) is |a2〉, compared with the initial state of the two-photon system
ab. Moreover, a bit flip takes place on the polarization of the photon b when the polarization of the photon a is |L〉.
That is, the quantum circuit shown in Fig.3 can be used to achieve a hyper-CNOT gate operating on the two-photon
system ab on both its polarization and its spatial-mode DOFs simultaneously, without auxiliary spatial modes or
polarization modes. Moreover, the success probability of this hyper-CNOT gate is 100% in principle.
Discussion
In experiment, the transmission and the reflection rules in Eqs.(5) and (6) may fail because of decoherence and
dephasing. In this time, the fidelity and the efficiency of our hyper-CNOT gate are reduced. The spin-dependent
transition rule is not perfect if we consider the heavy-light hole mixing which can reduce the fidelity by a few percent,
while this hole mixing can be reduced by improving the shape, size, and type of QDs26. The fidelity can be also reduced
in only a few percent by the exciton dephasing, including optical dephasing and hole spin dephasing. The optical
coherence time of exciton (∼ 100ps) is ten times longer than the cavity photon lifetime40, 41, and the hole spin coherence
time is three times order of magnitude longer than the cavity photon lifetime42, 43. The fine structure splitting, which
occurs for neutral exciton, is immune for charged exciton due to the quenched exchange interaction44, 45. The electron
spin decoherence is another factor which can reduce the fidelity, but it can be reduced by extending electron coherence
time to µs using spin echo techniques, which is longer than the cavity photon lifetime (∼ 10ps)26. The preparation
of spin superposition states |+〉 and |−〉 can be implemented by using nanosecond electron spin resonance microwave
pulses or picosecond optical pulses46, of which the preparation time (ps) is significantly shorter than spin coherence
time24, 47. Then the Hadamard operation for transforming electron spin states | ↑〉 and | ↓〉 to |+〉 and |−〉 can be
achieved.
In the resonant condition with ωc = ωX− = ω0 = ω, if the cavity side leak is taken into account, the optical selection
rules for a QD–cavity system given by Eqs. (5) and (6) become25
|R↑, i2, ↑〉 → |r||L↓, i2, ↑〉 − |t||R↑, i1, ↑〉,
|L↓, i1, ↑〉 → |r||R↑, i1, ↑〉 − |t||L↓, i2, ↑〉,
|R↓, i1, ↓〉 → |r||L↑, i1, ↓〉 − |t||R↓, i2, ↓〉,
|L↑, i2, ↓〉 → |r||R↓, i2, ↓〉 − |t||L↑, i1, ↓〉,
|R↓, i1, ↑〉 → −|t0||R↓, i2, ↑〉+ |r0||L↑, i1, ↑〉,
|L↑, i2, ↑〉 → −|t0||L↑, i1, ↑〉+ |r0||R↓, i2, ↑〉,
|R↑, i2, ↓〉 → −|t0||R↑, i1, ↓〉+ |r0||L↓, i2, ↓〉,
|L↓, i1, ↓〉 → −|t0||L↓, i2, ↓〉+ |r0||R↑, i1, ↓〉. (16)
The fidelity of a quantum logical gate is defined as F = |〈ψf |ψ〉|2, where |ψ〉 is the ideal final state of the quantum
system after the process for a quantum logical gate, and |ψf 〉 is the final state of the system by considering external
reservoirs. The efficiency of a photonic logical gate is defined as the probability of the photons to be detected after
the logic gate operation. The fidelity and the efficiency of the present spatial-polarization hyper-CNOT gate are
F =
(ξ1ζ1m)
2
4(|ξ1ζ2|2 + |ξ1ξ2|2)n1 + 4(|ξ1ζ1|2 + |ξ22 |2)n2
,
η =
1
16
(|r|2 + |t|2 + |t0|2 + |r0|2)4. (17)
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FIG. 4: Fidelity and efficiency of the present spatial-polarization hyper-CNOT gate vs the coupling strength and side leakage
rate with γ = 0.1κ.
Here
ζ1 = |t0|+ |r| − |r0| − |t|, ζ2 = |t| − |r| − |r0|+ |t0|,
ξ1 = |t0|+ |r0|+ |r| + |t|, ξ2 = |r|+ |t| − |r0| − |t0|,
m = (|t0|+ |r0|)|t0| − (|r| + |t|)|r0|+ (|t0|+ |r0|)|r|
−(|r| + |t|)|t| − (|t0|+ |r0|)|r0|+ (|r| + |t|)|t0|
−(|t0|+ |r0|)|t|+ (|r|+ |t|)|r|,
n1 = |(|t|+ |r|)|t0| − (|r0|+ |t0|)|r0||2 + |(|t|+ |r|)|r| −
(|r0|+ |t0|)|t||2 + |(|t|+ |r|)|r0| − (|r0|+ |t0|)|t0||2
+|(|t|+ |r|)|t| − (|r0|+ |t0|)|r||2,
n2 = |(|t0|+ |r0|)|t0| − (|r| + |t|)|r0||2 + |(|t0|+ |r0|)|r|
−(|r| + |t|)|t||2 + |(|t0|+ |r0|)|r0| − (|r| + |t|)|t0||2
+|(|t0|+ |r0|)|t| − (|r|+ |t|)|r||2. (18)
The fidelity and the efficiency are mainly affected by the coupling strength and the cavity side leakage as shown in
Fig.44. The strong coupling strength and the low side leakage and cavity loss rate (κs/κ) are required for the present
spatial-polarization hyper-CNOT quantum gate with a high fidelity and a high efficiency. The strong coupling strength
g/(κ + κs) ≃ 0.8 has been observed in a large micropillar (d = 7.3 µm)48 with a quality factor of Q ∼ 6.5 × 104 in
a current experiment. In d = 1.5 µm micropillar microcavity, the coupling strength g/(κ+ κs) ≃ 0.5 was reported49
with Q ∼ 8800, and the coupling strength g/(κ + κs) ≃ 2.4 (Q ∼ 4 × 104) could be achieved50 by improving the
sample designs, growth, and fabrication51. In the case g/(κ+ κs) ≃ 0.5 and κs/κ ≃ 0, the fidelity and the efficiency
for this hyper-CNOT gate are F = 92.5% and η = 55%, respectively. If the coupling strength is g/(κ+κs) ≃ 2.4 with
κs/κ ≃ 0, the fidelity and the efficiency become F = 100% and η = 97%, respectively. If the side leakage and cavity
loss rate is κs/κ ≃ 0.3 for g/(κ+ κs) ≃ 2.4, the fidelity and the efficiency are F = 96% and η = 60.3%. The fidelity
and the efficiency of this hyper-CNOT gate are mainly reduced by a weak coupling strength and a high cavity side
leakage. The quality factor of a micropillar microcavity is dominated by the side leakage and cavity loss rate κs/κ.
8The side leakage and cavity loss rate has been reduced to κs/κ ≃ 0.7 with the quality factor reduced to Q ∼ 1.7× 104
(g/(κ + κs) ≃ 1) in the micropillar d = 1.5 µm by thinning down the top mirrors26. High efficiency operations are
required to achieve a stronger coupling strength with a lower side leakage in micropillars.
In our previous work, we introduced a hyper-CNOT gate constructed with the reflection geometry optical prop-
erty of one-side QD-cavity systems with one mirror partially reflective and another mirror 100% reflective52. The
hyper-CNOT gate in one-side QD-cavity protocol is fragile because the reflectance for the uncoupled cavity and the
coupled cavity should be balanced to get high fidelity25. The present hyper-CNOT gate is constructed with the reflec-
tion/transmission geometry optical property of double-sided QD-cavity systems with both mirrors partially reflective.
And this hyper-CNOT gate is robust and flexible with the large reflectance and transmittance difference between the
uncoupled cavity and the coupled cavity25. Moreover, in the one-side QD-cavity protocol, the problem about how to
put the several spatial modes of a photon into the single-sided cavity is required to be solved. However, this is not
a problem for this double-sided QD-cavity protocol, because there are two balanced spatial modes for a double-sided
cavity. And the operations on the two spatial modes are combined in this double-sided QD-cavity protocol, especially
for the Mach-Zehnder interferometer induced by the CPBSs. That is, both the fidelity and the efficiency of the present
hyper-CNOT gate are higher than the one in one-side QD-cavity protocol.
With the hyper-CNOT gate operation, the quantum information processing can be implemented with less photon
resources, which can reduce the resources required in the quantum logic circuits and the storage process. And the
photonic dissipation and the environment noise effect are depressed in the quantum information processing based
on two DOFs of photon systems. Moreover, the interaction times between the photons is decreased in the quantum
information protocols by using the two DOFs of photon systems, compared with the integration of several cascaded
CNOT gates in one DOF. For instance, in the preparation of four-qubit cluster states, only a hyper-CNOT gate
operation (photons interact with electron spins four times) and a wave plate are required in the protocol with two
photons in two DOFs52, 53, while three CNOT gate operations (photons interact with electron spins six times) are
required in the protocol with four photons in one DOF. In this article, we have only discussed the construction
of a spatial-polarization hyper-CNOT gate with the nonlinear optics of double-sided QD-cavity system. With the
present hyper-CNOT gate and single-photon quantum gates, a hyper-parallel photonic quantum computation can
be constructed in principle, and the preparation and analysis of multi-photon hyperentangled states can also be
implemented in a simple way. In principle, some other quantum systems with nonlinear optics can also be used
to achieve scalable hyper-parallel quantum computation, such as wave-guide nanocavity, nitrogen-vacancy centers,
Rydberg atoms, cross-Kerr media, and so on. Here the hyper-CNOT gate operation is used to operate on the
polarization and the spatial-mode DOFs independently, and the two photons with two DOFs are used as four qubits.
In fact, the two photons with two DOFs can also be used as two qudits in quantum information processing. Moreover,
as the CNOT gate on the two DOFs of a photon can be implemented easily with the linear optical elements and the
single-qubit gates for the two DOFs of a photon can be implemented independently, the multiqubit hybrid logic gate
can be implemented in a simpler way with less photon resources resorting to the two DOFs of the photon system.
In summary, we have constructed the spatial-polarization hyper-CNOT gate operating on both the spatial-mode
and the polarization DOFs of a two-photon system with the giant optical circular birefringence of quantum dot inside
double-sided optical microcavity. This spatial-polarization hyper-CNOT gate may work efficiently in strong coupling
regimes with low cavity side leakage. In the construction of the hyper-CNOT gate, the two DOFs of a two-photon
system are used to assist each other to implement the CNOT gate operations without using the auxiliary spatial
modes, which is much simpler than the one constructed with the quantum dots inside one-side optical microcavities52.
The measurement on the electron spins in the QDs can be replaced by making the control qubits of the photon system
interact with QD-cavity systems twice as that introduced by Duan and Kimble15, but this will decrease the fidelity
and the efficiency of the hyper-CNOT gate. Therefore, it relies on the experimental technique for deciding whether
people use the measurement on electron spins or not.
Methods
Measurement on electron spin e in QD. The measurement on the electron spin e can be implemented by using
an auxiliary photon. If the auxiliary photon is initially in the state |ψi〉 = |Ri〉|i1〉, after interacting with QD-cavity
system, the final state of the complete system becomes
|Ri〉|i1〉| ↑〉e → −|Ri〉|i2〉| ↑〉e,
|Ri〉|i1〉| ↓〉e → |Li〉|i1〉| ↓〉e. (19)
If the auxiliary photon is detected on the spatial mode |i2〉, the electron spin is projected into the state | ↑〉e, whereas
the electron spin is projected into the state | ↓〉e with the detection of the auxiliary photon on the spatial mode |i1〉.
Spin echo technique using single photon pulse. Our schemes, implemented with the optical properties of
QD-cavity system, are not compatible with ESR-based spin echo technique in an external magnetic field, which may
9cause the detuning between the two spin states. In 2011, Hu and Rarity26 showed that the microwave pulses or
optical pulses used in spin echo techniques may be replaced by the single photon pulses to suppress the nuclear spin
fluctuations and hyperfine interaction. That is, the single photons can play the role of the pi−pulse to make the spin
rotate 180◦ around the optical axis. If a photon in the state 1√
2
(|R〉+ |L〉)i|i1〉 is put in to the CPBS, QD and CPBS
in sequence, after interaction, the state of the system composed of the photon i and the electron spin e in QD is
changed as
1
2
(|R〉+ |L〉)i|i1〉(| ↑〉+ | ↓〉)e → 1
2
(|R〉+ |L〉)i|i2〉(| ↑〉 − | ↓〉)e. (20)
Double-sided QD-cavity system in quantum information processing based on two DOFs. As the spatial-
mode and the polarization DOFs of a photon system can be converted into each other easily, the logic gate operation
on the polarization (spatial-mode) DOF may be simplified by assisting with the spatial-mode (polarization) DOF,
especially for the interaction between the two photons. There are many works on the polarization logic gates using
the spatial-mode DOF as the assistant13–15, 27–30. The double-sided QD-cavity system has two spatial modes, which
are always used as assistant in manipulating the polarization DOF and at last be consumed27–30. The spatial-mode
and the polarization DOFs of a photon can be manipulated independently and easily with linear optical elements,
so it is convenient to use these two DOFs as two qubits in quantum information processing. Our hyper-CNOT gate
shows that the spatial-mode and the polarization DOFs can assist each other to perform CNOT gate operations
on the photonic states of these two DOFs independently without auxiliary spatial modes, resorting to the optical
property shown in Eqs.(5) and (6). This is simpler than the one using one-side QD-cavity system52. Of course, the
two DOFs of a photon can be used as a qudit, and the double-sided QD-cavity system can also be used to implement
the quantum information processing with multiple qudits in two DOFs. It may be convenient to use double-sided
QD-cavity system to implement the quantum information processing with two DOFs.
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